In this paper we obtain parametric as well as numerical solutions of the sextic diophantine chain φ(
Introduction
Let φ(x, y, z) be a sextic form, with integer coefficients, in the three variables x, y and z. While a limited number of diophantine equations of the type φ(x 1 , y 1 , z 1 ) = φ(x 2 , y 2 , z 2 ) have been solved (see [1] , [3] , [4] ), until now no sextic diophantine chains of the type φ(x 1 , y 1 , z 1 ) = φ(x 2 , y 2 , z 2 ) = φ(x 3 , y 3 , z 3 ), (1.1) have been published. In this paper we obtain parametric as well as numerical solutions of the diophantine chain (1.1) where the form φ(x, y, z) is defined by φ(x, y, z) = x 6 + y 6 + z 6 − 2x 3 y 3 − 2x 3 z 3 − 2y 3 z 3 .
(1.
2)
It is interesting to observe that if we write k = φ(x, y, z)/4 where x, y, z are rational numbers, three rational points on the Mordell curve In view of the above, it is clear that any solution of the diophantine chain (1.1) immediately yields 9 rational points (not necessarily distinct) on the Mordell curve (1.3) where k = φ(x 1 , y 1 , z 1 )/4. Thus, apart from their intrinsic interest, solutions of the sextic diophantine chain (1.1) are also expected to yield Mordell curves of high rank.
In this context it is pertinent to note that Kihara [6] has obtained a family of Mordell curves over the field Q(t) of generic rank ≥ 6 and till now, this is the best known result of this type regarding families of Mordell curves. The parametric solution of the sextic diophantine chain (1.1) obtained in this paper also yields a family of Mordell curves, defined over the field Q(m, n), of generic rank ≥ 6.
Sextic diophantine chains
In Section 2.1 we describe a general method of constructing certain sextic diophantine chains. We will apply this method in Sections 2.2 and 2.3 to obtain solutions of the sextic diophantine chain (1.1) where φ(x, y, z) is defined by (1.2) . We also show how more solutions of the sextic chain (1.1) may be obtained.
A general method of constructing sextic diophantine chains
Let an arbitrary sextic form φ(x, y, z) in the three variables x, y, z be expressible as
where k 1 , k 2 are constants while Q(x, y, z) is a quadratic form and C(x, y, z) is a cubic form in the three variables x, y, z such that Q(x, y, z) = Q(y, x, z) and C(x, y, z) = C(y, x, z).
It is clear from (2.1) that to construct a sextic diophantine chain (1.1), it suffices to construct the simultaneous diophantine chains,
(2.4)
We will first obtain a parametric solution of the simultaneous diophantine equations,
together with the auxiliary equation,
6)
where h is a rational parameter, and then use this solution to obtain a solution of the simultaneous diophantine chains (2.3) and (2.4) together with the auxiliary diophantine chain,
A parametric solution of the simultaneous equations (2.5) and (2.6) may be obtained either by the general method described in [2] or by any other appropriate method.
, be a solution of the simultaneous equations (2.5) and (2.6) where α i , β i , γ i , i = 1, 2 are given in terms of certain independent parameters. We will solve the simultaneous equations (2.3), (2.4) and (2.7) by obtaining three distinct solutions of the following three simultaneous equations,
10)
where
(2.11)
In fact, we already know two solutions of Eqs. (2.8), (2.9) and (2.10), namely (x, y, z) = (α 1 , β 1 , γ 1 ) and (x, y, z) = (α 2 , β 2 , γ 2 ).
To obtain a third solution of Eqs. (2.8), (2.9) and (2.10), we eliminate x, y from these three equations when, in view of the relations (2.2), we get the following cubic equation in x 3 :
12)
where γ 3 is a rational function of the parameters occurring in the parametric solution of the simultaneous equations (2.5) and (2.6). The first two roots of Eq. (2.12) namely, z = γ 1 and z = γ 2 yield the two known solutions of the simultaneous equations (2.8), (2.9) and (2.10).
We will use the third solution z = γ 3 to obtain the diophantine chains (2.3), (2.4) and (2.7). On substituting z = γ 3 in Eqs. (2.8) and (2.9), and eliminating y from these two equations, we get a quadratic equation in x which will have two rational roots if its discriminant is a perfect square. If we can choose the parameters such that the discriminant is a perfect square, we will get two rational solutions of Eqs. (2.8) and (2.9), and we thus get a solution of the simultaneous diophantine chains (2.3) and (2.4) , and hence also of the sextic diophantine chain (1.1).
2.2
When φ(x, y, z) is the sextic form defined by (1.2), we have the identity,
13)
from which it follows that a solution of the simultaneous diophantine chains,
will yield a solution of the sextic diophantine chain (1.1) Following the method described in Section 2.1, we will first obtain a solution of the simultaneous diophantine equations,
(2.17)
18)
where h is a rational parameter. The complete solution of Eq. (2.17) is given by
where p, q, u, v are arbitrary parameters.
With these values of a i , b i , i = 1, 2, Eq. (2.16) may be written as,
and on writing,
where m, n are arbitrary parameters, Eq. (2.20) reduces to
Accordingly, we get,
23)
and on substituting these values of u and v in (2.19) and (2.21), we get a solution of the simultaneous equations (2.16) and (2.17) which may be written in terms of arbitrary parameters m, n, p and q as (
(2.24)
We note that the solution (2.24) also satisfies Eq. (2.18) when h = −(m 2 − mn + n 2 ).
We will now obtain a solution of the simultaneous diophantine chains (2.14), (2.15) and the auxiliary diophantine chain (2.7) by obtaining three distinct solutions of the simultaneous diophantine equations (2.8), (2.9), (2.10) where h = −(m 2 − mn + n 2 ),
, so that Eqs. (2.8), (2.9), (2.10) have already two known solutions (x, y, z) = (α 1 , β 1 , γ 1 ) and (x, y, z) = (α 2 , β 2 , γ 2 ).
To obtain a third solution of the simultaneous diophantine equations (2.8), (2.9), (2.10), we eliminate x and y from these three equations to get the cubic equation (2.12) where γ 1 , γ 2 are defined by (2.24) and
While the first two roots, z = γ 1 and z = γ 2 , of Eq. (2.12) yield the two known solutions of Eqs. (2.8), (2.9), (2.10), the third root z = γ 3 will yield a new solution. We will take z = γ 3 in Eqs. (2.8) and (2.9), and solve them to get the values of x and y. It follows from (2.8 
Thus, both x, y will be rational if (k 1 − hγ 3 ) 2 − 4k 2 is a perfect square. This gives us a quartic function in p and q to be made a perfect square. As this function is too cumbersome to write in full, we restrict ourselves to writing it as follows:
Since the coefficients of p 4 and q 4 in the quartic function (2.26) are perfect squares, we can readily find infinitely many values of p and q that make the function (2.26) a perfect square by repeatedly applying a method described by Fermat (as quoted by Dickson [5, p. 639]), and each such solution will lead to a solution of the simultaneous diophantine chains (2.14), (2.15) and (2.7), and hence also of the sextic chain (1.1), in terms of the rational parameters m and n.
As an example, the quartic function (2.26) becomes a perfect square if we choose p and q as follows:
where t = m 2 − mn + n 2 .
(2.28)
This yields a solution of the sextic chain (1.1) which may be written, in terms of arbitrary parameters m, n, as follows:
29) where, as before, t = m 2 − mn + n 2 .
As a numerical example, when m = 1, n = 2, after removing common factors, we get the following solution of the sextic chain (1.1):
x 1 = 100958, y 1 = 425, z 1 = 113259, x 2 = −7150, y 2 = −6001, z 2 = 75081, x 3 = −60010, y 3 = −715, z 3 = 59223.
(2.30)
2.3
It is interesting to note that when φ(x, y, z) is defined by (1.2), in addition to the identity (2.13), we also have the identity,
where Q(x, y, z) = x 2 + y 2 + z 2 + xy + yz + zx, C(x, y, z) = x 3 + y 3 + z 3 + 2x 2 y + 2xy 2 + 2x 2 z + 2xz 2 + 2y 2 z + 2yz 2 + 2xyz.
(2.32)
We can now apply the method described in Section 2.1 to obtain solutions of the diophantine chain (1.1).
A parametric solution of the simultaneous diophantine equations (2.5) may be obtained by a straightforward application of the method described in [2] . We accordingly omit the tedious details and simply state below the solution thus obtained.
If we define three functions f i (u, v, w), i = 1, 2, 3, as Now with the values of α i , β i , γ i , i = 1, 2 and h given by (2.34) and (2.35), we will solve Eqs. (2.8), (2.9) and (2.10). On eliminating x and y from these three equations, we get Eq. (2.12) where
With z = γ 3 , we have to solve Eqs. (2.8) and (2.9) . This leads to a quadratic equation in x, y whose discriminant is to be made a perfect square. As this discriminant is too cumbersome to write, we will take specific numerical values of the parameters that yield the desired sextic diophantine chains (1.1). We take for simplicity q = 0, and now the condition that the discriminant be a perfect square reduces to finding rational solutions of the following equation: Y 2 = r(36p 11 + 96p 10 r + 220p 9 r 2 + 357p 8 r 3 + 522p 7 r 4 + 541p 6 r 5 + 462p 5 r 6 + 228p 4 r 7 + 22p 3 r 8 − 99p 2 r 9 − 54pr 10 − 27r 11 )m 4 + 2(8p 10 + 28p 9 r + 12p 8 r 2 + 12p 7 r 3 − 9p 6 r 4 + 12p 5 r 5 − 8p 4 r 6 + 14p 3 r 7 − 12p 2 r 8 − 9r 10 )(
When p = 3, r = 4, Eq. (2.37) reduces to the quartic equation, We can now find infinitely many rational points on the elliptic curve (2.41) using the group law, and then find infinitely many rational points on the quartic curve (2.38) using the relations (2.39). These rational points on the curve (2.41) yield infinitely many numerical examples of the sextic chain (1.1). In order to find rational points of small height on the curve (2.38), we used Stoll's program 'ratpoints' [9] and readily obtained the following four values of m for which the right-hand side of Eq. (2.43)
Mordell curves related to sextic diophantine chains
With every solution of the sextic diophantine chain (1.1), we may associate a Mordell curve (1.3) where we take
and, as noted in the Introduction, there will, in general, be 9 rational points on the curve (1.3) whose coordinates are immediately obtained from the sextic diophantine chain. We now consider the family of Mordell curves related to the parametric solution (2.29) of the sextic diophantine chain (1.1). Using the relations (2.29) and (3.1), we can compute the value of k in terms of the arbitrary parameters m and n. We thus get a Mordell curve defined over the field Q(m, n) on which we can readily find 9 rational points. The value of k is too cumbersome to write and we do not give it explicitly.
We note that in view of the relations (2.17), only 7 of the 9 known rational points on our Mordell curve are actually distinct. We will now apply a theorem of Silverman [8, Theorem 11.4, p. 271 ] to show that 6 of these 7 points are linearly independent in the group of rational points of the Mordell curve. For this, we must find specific numerical values of m and n such that 6 of the 7 points are linearly independent on the related Mordell curve over Q.
When m = 1, n = 2, the numerical solution (2.30) of the sextic chain (1.1) is related to the Mordell curve,
on which we get 7 rational points whose coordinates are given below: The regulator of the first six of these points, as computed by SAGE, is 10390179.16. As this is nonzero, it follows from a well-known theorem [7, Theorem 8.1, p. 242] that these 6 points are linearly independent. It follows that the generic rank of the family of Mordell curves related to the sextic chain given by the parametric solution (2.29) is at least 6.
We could not find any numerical values of m and n such that all the 7 known points are linearly independent in the group of rational points of the Mordell curve.
Next we consider the Mordell curves related to the two numerical solutions (2.42) and (2.43) of the sextic chain (1.1).
The Mordell curve related to the solution (2.42) is
on which we get 9 distinct rational points P 1 , P 2 , . . . , P 9 whose coordinates are as follows: The regulator of the 6 points P 1 , P 2 , P 3 , P 4 , P 5 and P 8 is 11390832.16. Since this is nonzero, these 6 points are independent, and the rank of the Mordell curve (3.3) is at least 6. Similarly, the solution (2.43) of the sextic chain (1.1) yields 9 distinct rational points on the Mordell curve, Again we found that only 6 of the 9 points are independent, and so the rank of the Mordell curve (3.4) is at least 6. We could not determine the precise rank of any of the three Mordell curves (3.2), (3.3) or (3.4) as the value of k for each of these three curves is very large.
An open problem
It would be of interest to solve the sextic diophantine chain, φ(x 1 , y 1 , z 1 ) = φ(x 2 , y 2 , z 2 ) = · · · = φ(x n , y n , z n ), (4.1)
when φ(x, y, z) is defined by (1.2) and n > 3. While the existence of such diophantine chains when n = 4 and n = 5 is not inconceivable, it certainly seems that there must be an upper bound for n for the solvability of the diophantine chain (4.1). It would be of interest to determine the largest integer n for which the diophantine chain (4.1) is solvable. Any solution of the diophantine chain (4.1) will immediately yield 3n rational points on the Mordell curve (1.3) where k = φ(x 1 , y 1 , z 1 )/4, and may therefore yield Mordell curves of rank higher than the examples already known in the literature.
